Abstract-In the context of orthogonal frequency division multiplexing (OFDM), nonlinearity is usually considered a highly undesirable phenomenon. In this letter, we demonstrate that if a suitable memoryless nonlinearity is applied to the uncoded OFDM signal on the transmitter side, the performance of the communication system may be similar to that of state-of-theart, capacity-approaching coded modulation schemes without requiring any additional forward error correction coding. The proposed modulation technique could be used directly or as a precoder for a conventional OFDM modulator, resulting in a system possessing all benefits of OFDM along with reduced crest-factor (CF).
I. INTRODUCTION
A traditional approach for transmitting digital information over a communication link with high spectral efficiency (η ≥ 2 bit/s/Hz) is to combine good error-correcting code with high-order modulation. Over last two decades, several capacity-approaching coded modulation techniques have been proposed, including low-density parity check (LDPC) coded modulation [1, 2] , turbo-coded modulation and turbo trelliscoded modulation [3] . In this letter, we propose an alternative bandwidth-efficient modulation technique, which does not rely on any error correction coding in the traditional sense, while still achieving error rates close to the best known coded modulation schemes. Our method is based on serial concatenation of an orthogonal linear transform, such as the discrete Fourier transform (DFT), with memoryless nonlinearity. We demonstrate that such a simple signal construction may exhibit properties of random code ensemble, as a result approaching channel capacity if decoded using a maximum-likelihood (ML) decoder.
Notably, the proposed modulation scheme can be viewed as an OFDM signal distorted by very strong memoryless nonlinearity. In the context of OFDM, any nonlinearity is usually considered a highly undesirable phenomenon. In fact, the sensitivity of OFDM technology to nonlinear distortions is usually cited as a major drawback of OFDM. Nonetheless, in [4] , the authors theoretically proved that the bit error rate (BER) performance of OFDM transmission subjected to strong memoryless nonlinearity can outperform linear transmission, provided that an optimal ML-receiver is used. Moreover, in [5] , we proposed a practical message-passing receiver for S. V. Zhidkov is with Cifrasoft Ltd., Izhevsk, Russia, e-mail: sergey.zhidkov@cifrasoft.com.
nonlinearly distorted OFDM signals, showing that the BER performance of hard-clipped OFDM signals can be up to 2 dB better than linear OFDM transmission. In this letter, we go one step further to demonstrate that if the uncoded OFDM signal is distorted by memoryless nonlinearity with certain properties, the resultant signal waveform may achieve BER performance close to the best known capacity-approaching coded modulation techniques.
II. PROPOSED MODULATION TECHNIQUE

A. Achieving capacity by nonlinear transformation of uncoded OFDM
Consider the modulation scheme illustrated in Figure 1 . In the transmitter, K = N/2 − 1 complex, M -ary quadrature amplitude-modulated (M -QAM) baseband symbols {ξ k } are transformed into the time domain via N -point, real inverse DFT operation, and passed through a memoryless nonlinearity block. The signal at the modulator output can be expressed as:
where
and f (z) is a memoryless nonlinear function. Let us now assume that the memoryless nonlinear function
is a deterministic chaotic map. Thus, f (z) has certain properties of chaotic iterated functions, namely, sensitive dependence on initial conditions [6] . Under such assumptions, and if K → ∞ and l → ∞, the ensemble of waveforms generated by (1) possesses all major properties of a random code ensemble, because even small modifications in the message sequence {ξ k } (e.g., in a single bit) lead to: a) small modifications, at least, for all samples of the intermediate signal z n due to the spreading properties of the (I)DFT operation, and b) large (and pseudo-random) modifications for all samples of waveform s n due to the properties of the nonlinear function f (z). Therefore, we conjecture that where f (z) has the abovementioned properties if the waveforms generated by (1) are demodulated using a ML decoder, system performance may approach channel capacity. Unfortunately, brute-force, maximum-likelihood decoding of (1) is prohibitively complex, generally of the order O(M K 2 ), where M is the modulation order. However, as in many practical applications, we can rely on belief-propagation techniques to approximate ML-decoding. A perfect candidate for decoding the signals generated by (1) is the generalized approximate message passing (GAMP) algorithm [7] . Having already been applied to the decoding of clipped OFDM signals in [5] , it has demonstrated good performance and reasonably good convergence behavior.
B. GAMP algorithm
In the additive white Gaussian noise (AWGN) channel, the model of the received signal can be expressed as
where w n is the AWGN term with zero mean and variance µ w . We can also represent {z n } as z = Fx, where F is a N × N real IDFT (unitary) matrix with elements:
and
Model (3) is equivalent to a general problem formulation for the GAMP algorithm [7] , which belongs to a class of Gaussian approximations of loopy belief propagation for dense graphs. In our decoder implementation, we use the sumproduct variant of the GAMP algorithm, which approximates minimum mean-squared error estimates of x and z. The GAMP algorithm adapted to our problem is summarized below. The algorithm generates a sequence of estimatesx (t), z (t), for t = 1, 2, ... through the following recursions:
Step 1) Initialization:
Step 2) Estimation of output nodes:
Step 3) Estimation of input nodes:
M is the number of points in the signal constellation, and {d m } is the vector of constellation points per real/imaginary component. For example, for 4-QAM modulation, {d m } = [−1 +1], and for 16-QAM modulation
Steps (6)-(16) are repeated with t → t + 1 until t max iterations have been performed. At each iteration of the algorithm, we calculate the Euclidean distance E(t) between the received vector {y n } and the reconstructed time-domain
F n,kxk (t) . The final decision is based on the vector {x k (t)} that corresponds to the minimum Euclidean distance E(t).
C. Choosing optimal nonlinearity f (z)
Choosing the optimal shape of nonlinearity f (z) is not easy, requiring a balance between two conflicting requirements. Firstly, the nonlinear function should be reasonably "chaotic" to guarantee sensitivity to initial conditions and, therefore, random-like properties of the coded waveforms. On the other hand, our experimental study implies that a "truly chaotic" shape of nonlinearity f (z) precludes GAMP algorithm from converging to the ML-solution. Therefore, we adopted an ad hoc procedure to select and optimize the shape of the memoryless nonlinearity f (z). Our heuristic choice of nonlinearity f (z) relies on two key ideas:
• f (z) should contain some linear or almost linear region to allow the message passing decoder to converge.
• f (z) should resemble a chaotic iterated function in other regions (in terms of sensitivity to initial conditions). For a general representation of f (z), we suggest using the flexible, piece-wise linear model:
.., T i }, where G 0 is a scaling factor that does not affect the "shape" of nonlinearity f (z). Several examples of parameter vectors a, b, and T that satisfy our heuristic requirements and that were used in our simulation are given in Table 1 
III. SIMULATION RESULTS
The performance of the proposed modulation scheme with the GAMP decoder was studied by means of Monte-Carlo simulation. Figure 3 illustrates the BER vs E b /N 0 curves for 4-QAM modulation with three nonlinearities (shown in Figure  2 ) and different values of K. In all simulations, the variance of {z n } was normalized to 1, the maximum number of iterations (t max ) was set to 50, and integrals (8)- (10) were approximated using numerical summation.
For some parameters G 0 , a, b, T the proposed modulation scheme exhibits behavior similar to random-like codes with the presence of a waterfall region and error floor, and performance improves for larger frame sizes (or number of subcarriers, in our case).
In particular, the proposed modulation scheme with nonlinearity 3 and K=8191 achieves target BER=10 −5 at E b /N 0 = 3.4 dB, which represents 6.2 dB gain over uncoded 4-QAM modulation and is less than 1.7 dB away from the unconstrained AWGN channel capacity. These results are better or within 0.1 ÷ 0.4 dB of the performance of the capacityapproaching, bandwidth-efficient modulation schemes with η = 2 bit/s/Hz reported in [1-3, 8, 9] .
A considerable performance improvement over uncoded modulation was also observed for 16-QAM (η = 4 bit/s/Hz). For instance, with K=4096, nonlinearity 1 and G 0 = 0.51, a target BER= 10 −4 is achieved at E b /N 0 = 9.2 dB, which represents 3 dB gain over uncoded 16-QAM (graphs are not shown here due to space limitations). However, in case of 16-QAM, the sum-product variant of the GAMP algorithm is sub-optimal in terms of BER performance, and the example nonlinearities that we use for 4-QAM (Table I) are not optimal either. Therefore, application of the proposed technique to high-order modulation formats (η ≥ 4 bit/s/Hz) is an open research topic.
IV. TRANSMISSION VIA FREQUENCY-SELECTIVE MULTIPATH CHANNELS
If signal (1) is transmitted over a frequency-selective multipath channel, the GAMP algorithm no longer directly applies. Convolution with a multipath channel introduces an additional sub-graph between output nodes and observable nodes, and such a model of the received signal requires modification of the message-passing receiver to perform optimally. This same modification, however, adds unpredictable complexity, since the channel matrix (unlike the DFT matrix) is unstructured and may be time-varying, which precludes using the computationally efficient fast-transform algorithms. In other words, even though the proposed modulation scheme (1) formally resembles conventional OFDM transmission, most advantages of OFDM are lost in practice.
An interesting alternative to direct transmission of the signal (1) over a communication channel is to use it instead as a pre-coder for a conventional, linear OFDM transmitter, as illustrated in Figure 4 . This approach provides the benefits of a conventional OFDM (namely, simplicity of channel equalization) with lower CF of the transmitted waveform. In particular, the distribution of signal samples at the output of the modulator illustrated in Figure 4 resembles the distribution of M -QAM signal affected by additive Gaussian noise. If the nonlinearity f (z) has a relatively large linear region (as in the case of our example nonlinearity 2) the CF of such a signal will be much lower than the CF of a conventional OFDM signal. Figure 5 compares the complementary cumulative distribution functions (CCDF) of the direct waveform (1) with nonlinearity 1, the signal generated by the transmission system illustrated in Figure 4 with nonlinearity 2, and a conventional OFDM. As may be seen, the CF of the signal generated by the transmission system illustrated in Figure 4 is somewhat higher than that of the direct waveform (1), but it is still approximately 4 dB lower than the CF of a conventional OFDM signal. In this letter, we proposed a capacity-approaching modulation technique based on serial concatenation of orthogonal linear transformation (e.g., DFT) with memoryless nonlinearity. We demonstrated that such a simple signal construction may exhibit properties of a random code ensemble, as a result approaching channel capacity. Our computer simulations confirmed that if the decoder relies on the approximate message passing algorithm, the proposed modulation technique exhibits performance on par with state-of-the-art coded modulation schemes that use capacity-approaching component codes. The proposed technique could be extended to modulation formats with higher spectral efficiency (η ≥ 4 bit/s/Hz) and other types of orthogonal transformations (e.g. Walsh-Hadamard transform), offering one possible direction for our future research.
